ABSTRACT. A modified form of the Alekseev variation of constants equation is used to relate the solutions of systems of the form x = /(/, x, X), X in Rm and the perturbed system y = f(t, y, <p(t)) + g(t, y).
x -f(t, x, X) so that if U7 and g are perturbation functions, bounds can be calculated for the solutions of the perturbed system.
The purpose of this paper is to study bounds for the solutions of a system of differential equations of a particular form. In the differential equation y = B(t, y) we assume B can be written as a sum B(r, y) = f(t, y, i/i(t)) + g(t, y) where the 722-parameter family of differential equations x = f(t, x, X) has nice properties and the functions i//and g ate perturbation functions.
The bounds are established using a variation of constants formula due to V. M. Alekseev [l] in a modified form in much the same way that perturbations of linear systems have been studied using the standard variation of constants formula [3, pp. 64-70] . The bounds are given as solutions of Volterra integral equations using a standard comparison method.
Let 772 and ra be positive integers, let c > 0, let S be the closed ball of radius c in Rm and let R denote the nonnegative numbers. We assume / and the matrices of derivatives / , / are continuous for (t, x, X) in R x Rn x Sc (f(t, x, X) in R"), ifj is in C\r+, Sf) and g is in C{R+x Rn, R"). The solution (fit, T, y, X) of (2) y = f(t, y, 4>(t)) + g(t, y), y(r) = y, for t < t < 10 where <f>(t, s, y(s), X) exists for r < s < t < t Q. Then y satisfies (3) y(t) = 4>(t, T, y, i/>(r)) + i1 Hit, s, y(s)) ds, r<t< lQ, Remark 2. We recall [3, p. 22] that </i^ satisfies a linear differential equation which gives the representation <¡>x(t, s, y, X) = j' 4>y(t, s, y, X)<f>yl(v, s, y, X)fAv, <p(v, s, y, X), X) dv.
Equation (3) is a variation of constants type formula which gives a comparison between the solutions of the family of systems (1) and the perturbed system (2). We will use this equation to deduce bounds on the solutions of (3) under appropriate hypotheses. If A is an ra x ra matrix we denote by p(A)
and make the additional hypotheses:
(i) For / in R and X in S there are functions a(t, X) and ß(t, X) such that (6) p(fx(t, x, X)) < ait, X), tÁ.-fJ(t, x, X)) < ß(t, X) fot (t, x, X) in R x R" x S where / denotes the transpose of / .
(ii) For (t, X) in R x S , f(t, 0, X) = 0. There is a continuous function l(t) for / > 0 such that |/x(/, x, A)| < /(r)|x|.
(iii) There is a continuous function h from R into R such that
Remark 3. The first inequality in (6) and (ii) imply cb(t, s, y, X) exists for 0 < s < t, y in Rn, X in S and \<f>(t, s, y, A)| < \y\ exp f* air, X) dr, \d>y(t, s, y, X)\ < exp j' a(r, X) dr.
See [2, pp. 199-200] . If Z(t) = [cpzKt, s, y, X)]T then ¿ = -fT(t, aft. s,y,X), X)Z so \fp-\t, s, y, X)\ = \Z(t)\ < exp fl ß(r, X) dr.
For 0 < s < t let k(t, s) be given by
• exp J a(u, i/j(s))du.
Theorem 2. Let 8 > 0, let (i)-(iii) be satisfied, and let At) be the solution of (8) ait) = 8 exp J^ a(s, ijj(r)) dr + V k(t, s)a(s) ds.
If y is a solution of (2) with \y(r)\ < 8 then y exists for t > t > 0 and satisfies \y(t)\ <At). for all t > r> 0. If y is a solution of (2) then y exists for t > r and \y(t)\<\y(r)\eMlAl-M2).
Proof. For <5 = |y(r)| we obtain for the solution of (8) at any t > r, M 0(1) < \y(r)\ e l + M2 sup As).
r<s<t If suPT¿s<t As) = At j) we have At f) < \y(r)\e l/(l -M) which gives the result .
When the solutions <f>(t, t, y, X) ate known hypothesis (i) may be re- For 0<s <t, let K(t, s) be given by
Theorem 3. Let 8 > 0, let f(t, x, X) = A(X)x, g satisfy (i*), (ii*), (iii) above and let At) be the solution of At) = 8 exp a(dj(r))(t -r) + P K(r, s)ct(s) as.
// y z's a solution of (2) with \y(r)\ < 8, y exists for t > r and \y(t)\ < At). Theorem 4. Let A(t) be a C matrix defined for t > 0 such that for some a > 0, M > 1, |exp(A(A)/)| < Me~at when t > 0, X > 0. // y(t) is a solution of (9) y = A(t)y, then \y(t)\ <a(t)e~at for 0 < r < t where a is the solution of (10) a _ M2|A(/)|a = 0, g(t) = MeaT\y(r)\, Ar) = 0.
If |A(/)| < ß, and Y(t) is a fundamental solution of (9) then (11) \Y(t)Y-\r)\ <Mexp(-(a-M^Jß)(t -r)).
Proof. We take 222 = 1, \jj(t) = t and Sc = R in Theorem 1, then if y is a solution of (9) 
